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GEMA B
B.1. g:[l,+oo)—)R e TUno g(x)=&+%
X
h:[1+%)— R pe T0n0 h(x):\/_—%
X

D, =[1,+e) kat D, =[1,+)

D, ., = D, N D, =[1,+00)N[1,+0) = [1,+0)

Ma tnv ouvdptnon f = % .

2
h(x)¢0<:>\/§—i¢0<:>\/; _1¢0<:>X—_1¢0<:>x—1¢0<:>x¢1

D, =D, ={xe D, :h(x)#0} ={x e[l +0): x =1} = (1 +x)
h
1 \&2+1 X+1
¢ (2 9(%) \/ﬁ& Jx x _ x(x+1) x+1
(x)="12 = - X VX =2 x>l
h(x) x- L -1 X1 Ix(x-1) x-1
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Ma v ouvdptnon r=g-h.

D, =D,, ={xe D} ={xe[L,+0)} =[1,+e0)

r(x)= g(x)-h(x)=(«/§+%}(\/_—%j:(«/§)z—(ijz =x—£, x>1

B.2. 'Exoupe f(x)=§—+i pe D, =(1,+0)

H f eivaiouvexng oto D, =(1,+%) wg pntn He

= <0

(x-1) (=1~ (x-1)

(x) = (x+1)'(x—1)—(x+1)(x—1)’ _x-1-x-1_ -2

Apan f eival yvnoiwg @bivouca oto D, :(1, +oo) apa f 1-1 dpa avtioTpépeTal

'Exoupe Aonodv

y#1 x=17(y) y=x
y+1 1 y+1 =) x+1
ox=1— o f == f7(X)=

x-1 x-1

y-1
XeA; apo X>1

XH1-X41 0 N MW
x-1 x-1

Apa f(A)=A , =(L+o)

B’ Tp6nog yia cUVOAO TIHWV

Agou f eivat ouvexig kat yvnoiwg @bivouca oto D, :(1, +oo) loXUEL

f(Dy)=(lim 7 (), lim f (x))

x—1

X+1 X

lim f(x)=lim—==lim==1

X—>+00 Xt ¥ —1 x40 X

. .o X+1 . 1

)I(I_[I] f (X):)I(l_)rpaz)l(l_[p()('i'l)ﬁ:2(+OO):+OO

o , , . 1
ATL limx-1=0 xa: x-1>0 xovrd orol” dpa lim—— =+w
x—1* x-1 X =1
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Tehika fl(x)z% ue D, = f(D,)=(1+x).

Apa f=f".

B.3. 'Exoupe r(x)= x—% D, =[1,+x)

Katakopupeg aoUpNTWTEG Oev £XEL OIOTL €ival ouvexng oto D, = [1, +oo)
MAGya acupntwtn g C, Kabwg X — 40
1

X_i
r(Xx
g tim ") i X i 1-%:1-0:1

X—>+0 X X400 X X—>+00 X

. . 1 . 1
=1 ~1-x)= lim | x—===x |= lim| == |=0
= Jim (1 (0-10)= fim x-=x] = im 7]

Apa n nAdyla acUPNTWTN TG OUVAPTNONG I' OTO +oo gival n euBeia pe eEiowon
y=1-x+0< y=x

B’ Tponog

1 1
r(x)_x—;cr(x)—x_—;
. 1 .
lim|{-=|=0= I ~x)=0
fim( =] =0= Jim (r()~x)

Apa and opopod n eubeia Y = X nAdyld acUUNTWTN THG OUVAPTNONG I OTO +w0.
B4. f ’1( f (x)) =X ylakéBe xe A, =(1,+%) dpa n e&iowon yivetar (E) ( f ‘1( f (X)))2 =1+4-r(x)

(f‘l(f(x)))2=1+4-r(x) o x2=1+4 x—1 =N x2:1+4x—fgx3=x+4x2—x£<:>
X X X

SX -4 -Xx+4=0< xz(x—4)—(x—4)=0<:>(x—4)(x2—1):0

X—4=0<x=4
Apa (x—4)(x*-1)=0{
X*-1=0=x=17 x=-1

H AUon x =4 eival 6ekTr) evw ol AUoelg X =1 kat X =—1 anoppintovtat agou X € (1, +oo) )

= (ppovuotnpia - ’ 7
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2Xx+4+e* , 0<x<?2
f(X)— , 1eR

—X*+4X=3+ 1, X>2
1. Houvdaptnon f eival ouvexng oto [0,2) WG MOAUWVULKA.
H ouvaptnon f eival ouvexig oto (2,+00) WG MOAUWVUHLKA.

Agou n f eival ouvexng oto [O, +oo) Ba eival ouvexAg KaL oTo X, =2 dpa Ba L.oXUEL:

lim f (x)=lim f(x)=f(2)

X—2 x—2

lim f(x)=lim (-2x+4+e*)=-2-2+4+e* =—4+4+¢* =¢’ =
X—2" x—>2"

lim f (x)=lim (=X +4x-3+1)=-2"+4-2-3+ 1=-4+8-3+ A=1+ 1= f (2)
x—>2" x—>2"

=e'=l+lee’-1-1=0
Oewpoupe Tn ouvaptnon g (x) =e*—-x-1 xeR.

e —Xx— 1) =e" -1, XE[O +oo)

e* "1-1.
Doe'—-1=0e*=1lce'=e’ « x=0

X)>0=e*-1>0e*>lae*>e’e x>0

e\
g'(x)<0e e -1<0 e <le e <e’e=x<0

)=
)=0
o
)
)
g(0)=€°~0-1=1-1=0
Apa oxUet g(x)> 0 yia kdbe X & (—o0,0) (0, +0).

Apa n e€iowon g(x)=0 £xel akpiBug pia pi¢atnv X =0.Apa 1 =0.

I.2. 'Exoupe

f(x)=

—2x+4+e*,0<x<2 “2X+4+10<x<2
<:>f(x = )
X2 +4x-3,x>2 X2 4+4X -3, x>2

—2X+5,0<x<?2
X2 +4x-3,x>2

o f(x)= {
I 0<x<2 n f eivatouvexng pe f ’(x) =-2<0 dpan f eivalyvnoing pdivouca ato
[0,2)

TFia x>2 n f eivatouvexngpe f'(x)=-2x+4<0 dpan f eival yvnoiwg gbivouoa ato

[2,+oo)

— (ppovuotnpia r r
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MNa A, = [0,2) n f eival ouvexng kal yvnoiwg pdivouoa dpa
f (Ay)=(lim 7 (x), f (o)}:(l,s] s16Tt

lim f (x)=lim-2x+5=-2-2+5=—-4+5=1

X—2" X—2~

f(0)=—-2.0+5=5

Na A, = [2,+oo) n f eival ouvexng kat yvnoiwg @Bivouoa dpa

f(A,)=(lim (x), 7 (2)|=(-01] 16w

X—>+00

lim f(x)=lim (—x2+4x—3): lim (—Xz):—(+oo):—oo

f(2)=-2°+4-2-3=-4+8-3=1
Enopévwg (D, )= f(A,)u f(A,)=(15]u(—01]=(-»,5]

H f eivat ouvexng kat yvnoiwg ¢Bivouca oto D, = [0,+oo) enopEvwg dev napouacialel

OKPOTOTO OTO X, = 2.

Apan f napouoiddet oAkd pEyioTo oo X, =0 To f(0)=5.

—2X+4+1 ,0<x<?2 —2X+5 ,0<x<?2
r3. i f (x)= , A f x): )

—X°+4x-3, x>2 —X°+4x-3, x>2
H f eivalt ouvexig oto [0,3] agpou n f eivalouvexng oto X, =2.
H f eivat napaywyioyn oto (0,2)U(2,3) wg noAUwvUpKr).

E€etdCoupe oto X, =2.

IimM:Iim —2X+5-1 . —2X+4 L X-2
X—>2~ X—2 X—2~ X — x—2" X—2 x—2" X —2
. 2 o 2 _ (v _9)?
jim )= F(2) X dx =31 xraxed o 2(2) o) g
x—2" X—2 x—2" X—2 x—2" X—2 x—=2t X—=2 x—2"

AgoU lim M # lim M

,n f dev eival napaywyiowpn oto X, =2.
X—2" X—2 x—2" X —
Apa n cuvdaptnon &gv Ikavonolei TIg npoUinoBéoelg Tou ©.M.T oto didoThua [0, 3] .

f(3)-f(0) _—9+12-3-5_ 5
3-0 3 3

ii) Avagntoupe & €(0,3) tétoo wote f'(&)=4,; =

= (ppovuotnpia
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-2 ,0<x<?2
kat f'(x)=
—2X+4 ,Xx>2
. 5 _.
Na 0<x< 2 éxoupe: —2=—— aduvatn
Ma X > 2 €XOUpE: —2x+4=—§<:>2x=4+%<:>2x=%<:> x=% SeKTH apoU %6(2,3).

M4. Mo t=t, Toonpeio M kwvoUpevo kaTakdpupa NPog Ta Nndvw Ba ouvavtroel TNV C, atnv Kopuen

™G napaBohig B(2,1) onote M(X(t,), y(t,)) viveta M(2,1) Gpa x(t,)=2 kat y(t,)=1

5(0602%:% épa ggo(a;(t)):%t)
(so(o®)) =5¥ ()= e (0 =5Y () = &) =5y (o o)
MNa t=t,
(OB)’ =(AB)’ +(0OA)’ < (OB)’ =1+4 < (OB)' =5 (0B)=+5
OA 2
Guva)(to)=£=£
Nat=t,
a)’(to)=—y'(t0)0'uvza)(to)=—y'(t0)(%j =§y’(t0)—§.0,5:%ra%ec
Yo
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GEMA A
A1, f(X)zInTX+0(, Xe(0,+oo)
f’(x)=l_xlznx, x & (0, ++0)

, 1-Inx _ x>0
f'(x)20=——->0=1-Inx>0<Inx<le0<x<e

X
, 1-Inx x>0
f'(x)<0e=——-<0c1-Inx<0sInx>1e x>e
X

O pileg kal To npdéonuo tng f '(X) KaBwg Kal Ta dlaoTrApaTa povotoviag kat Ta akpoétata tng f

@aivovTal oTov NapaKATw Nivaka.

X —00 0 e +00
f'(x) + q _
f f OA.MET. \
f(e)=+a

lim f (x)=lim (In_eraJ: lim (E-In x+aj:—oo ylati

x—0" x—0" X x—0"\ X

o1 .
lim = =400 kat limInx=—o0

x—0" X x—0*

+00

. . = | (Inx) . .
lim f(x)=lim [In—x+aj: lim u+a = lim [l+aj:a yloti lim 1:O
! X400 ¥

X—>+00 X—>+%0 X X—>+00 ( X) X—+0 | X

e Stodaotpa A, =(0,e] n f eivat ouvexng kat ./

Apa 1 ()= (lim f (x), (e)}:(—oo,%ﬂz}

x—0"

e 310 dildotnua A, =[e,+o) n f eivat cuvexng kat \

Apa f(a,)=( lim f(x),f(e)}:(a,%+a}

£((040)) = F(A) 0 f (A2)=(—oo,%+a}

Apa Sra=tile =1, dpa f(x)=FX o0
e e

X

= (ppovuotnpia - ’ 7
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e

Ocf ((O,e]) dpa unapxet X, €(0,e) Tétolo wote f(x,)=0
Enednn f yvnoiwg av€ouoa oto (O,e] TO X, €ival Hovadiko

11 1

1 In=+= -In2+=
Akopa f|=|= 2 2_ 2 - _In4+1=—In4+Ine<0
2 1 1
2 2

f(1)=1>0

‘Etol f (%) f (1) <0 apa and Bewpnpa Bolzano undpxet X, € (%,1) TETOLO WOTE

f(x)=0.

f ([e,+o0))= (1,1+ l}

e

Ogf ([e,+oo)) apan f dev éxel piCa oo [e,+x0)

1
Apa n etiowon f (x) =0 €xel povadikn pida X, , N onoia avrkel 0To dLACTNHA (Elj .

i)

X —0 0 e 40
h'(x) + _
l+l
e
. S N

Oewpoupe Tn ouvdptnon h pe h(x)=f(x)— f(4),xe(0,+0) kat h(4)=0

h'(x)=f'(x) apan h(x) éxet v idla povotovia pe v f

In2+1 In4+1 2(In2+1)-2In2-1
h(2)=f(2)—f(4)= > 2 =( )4 =0

z1o daotnua (0,e] n h(x) eivat yvnoiwg avgouoa kat h(2)=0 dpa to X, =2 eivain
HOVOBIKK TG pica.

® -
o’

(ppovuotnpia - r r
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270 SildoTnua [e,+) n h(X) eivat yvnoiwg pBivouca kat h(4) =0 dpa 1o X, =4 eivain
povadikr Tng pida.

i) Me x>0 éxoupe:
Inx 7 In2 Inx

X< x? & |n2XS|nX2©X|n232|nX<:>TS—
X

<:>In7x+12|n72+1<:> f(x)>f(2)

(2) kau f yvnoiwg avgouca oto (0,e] dpa x> 2
(4)

kat f yvnoiwg @Bivouoa oto [e,+oo) dpa x<4

f / o10(0,e]

Av0<x<2<e = f(x)<f(2)

f N oro[e,+)

Av x>4>e =  f(x)<f(4)
Apa TEAKA 2<x <4,

A4

b= [, Jo (o=, |1 () 50T

Mati —IN2<x<0 dpal-x>0 kate* >0

. . 1
Oé¢tw u=¢e"< x=Inu dpa dx==du
u

A)\)\cxyr']c'prwv:X:—|n2<:>u:e"'”2:el%=%KouX:O<:>u:e°:1
Apa
E- J"f 1|nU£d _J“f 1|nud _J"f ‘f _

:j;‘f (u)|f

Onou X, n piga g egiowong f (x)=0.

udu+ fuf udu
'[Xo‘ )

1 f /o10(0,e]
Av0<§§x§x0<1<e = f(x)<f(x)=0

Av x0£x£lf:§f(x)2 f(%)=0

= (ppovuotnpia - ’ 7
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E=—I£°f(u)f’(u)du+.|.xlof(u)f’(u)du=—%[f2(u)})§+%[f2(u)]lxo:

2 1
1, 1)) 1., , <*>1211f(2j+1
:—E(f (Xo)_f (Ejj'i'i(f (1)—f (XO)):Ef (Ej'FE:T:
_(—2In2+1)2+l:4|n22—4ln2+1+1

= > > =(2I*2-2In2+1) z.u

e - | Ppovuctipia
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